Critical behaviors of black holes in the Einstein-Maxwell gravity with
  conformal anomaly by Zhang, Ming et al.
Critical behaviors of black holes in the Einstein-Maxwell gravity with
conformal anomaly
Ming Zhang1, Rui-Hong Yue2∗ and Zhan-Ying Yang1
1School of Physics, Northwest University, Xi’an, 710069, China
2College of physical science and technology,
Yangzhou University, Yangzhou, 225009, China
(Dated: October 9, 2018)
We study P −V critical behavior of 4-dimensional AdS black hole in the Einstein-Maxwell
gravity with conformal anomaly by treating the cosmological constant as a variable related
to the thermodynamic pressure. It shows that there is no phase transition if taking k = 0
or -1. When the charge q1 of conformal field and the coefficient α satisfy a certain relation,
the Van der Waal like phase transition for the spherical black hole can occur in case of the
temperature is lower than the small critical temperature or higher than the large one. We
also evaluate the critical exponents of the phase transitions and find that the thermodynamic
exponents associated with this 4-dimensional AdS black hole coincide with those of the van
der Waals fluid.
PACS numbers: 04.50.Kd, 04.70.Dy, 04.20.Jb
I. INTRODUCTION
Black hole thermodynamics is one of the most interesting objects in physics for many years. In
view of the AdS/CFT correspondence [1–3], phase transitions in asymptotically AdS black holes
allow for a dual interpretation in the thermal conformal field theory living on the AdS boundary-
the principal example being the well known radiation/Schwarzschild-Ads black hole Hawking-Page
transition [4].
Recently, the analogy between four dimensional RN-AdS black holes and the Van der Waals
fluid-gas system has been completed in this extended phase space [5], where the cosmological
constant is treated as a thermodynamic pressure in the geometric units ~ = c = 1. There exist
some more meaningful reasons to regard the cosmological constant as a variable [5]. Firstly, some
more fundamental theories could be considered, where physical quantities, such as Yukawa coupling,
gauge coupling constant, Newton’s constant, or cosmological constant may not be fixed values, but
can vary arising from the vacuum expectation energy [6, 7]. Secondly, the first law of black hole
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2thermodynamics cannot be consistent with the Smarr relation if there is no a variation of Λ. In
the extended phase space, however, the Smarr relation is satisfied in addition to the first law of
thermodynamics from the aspect of the scaling arguments [8]-[11]. Moreover, the black hole massM
is identified with enthalpy rather than internal energy once one regards the cosmological constant
as thermodynamic pressure in the first law [8]. This analogy becomes more natural recently in the
extended phase space. Until now, these critical behaviour of a lot of black hole systems in this
extended phase space are under discussion in this direction, which are high dimensional charged
black holes [5, 12, 13], rotating black holes [14]-[17], Gauss-Bonnet black holes [18]-[21], f(r) black
holes [22], third-order Lovelock black holes [23, 24] and so on [25]-[36]. It is worth to noting that,
in four-dimensional Born-Infeld AdS black holes [27], the impact of the nonlinearity can bring the
new phenomenon of reentrant phase transition which was observed in rotating AdS holes [15, 17],
while this reentrant phase transition does not occur for higher dimensional Born-Infeld AdS black
holes [28].
As we known, conformal anomaly, an important concept with a long history [37]-[39], has various
applications in quantum field theory in curved spaces, string theory, black hole physics, statistical
mechanics and cosmology [40]-[41]. In quantum field theory in curved spaces, it is required to
include the backreaction of the quantum fields to the spacetime geometry itself
Rµν − Λgµν − 1
2
Rgµν = 8piG < Tab > . (1)
Cai et al.[42, 43] have been presented the (charged) black hole solutions in the gravity with con-
formal anomaly in flat and AdS space, whose thermodynamic quantities were also investigated in
the same papers. In this paper, we would like to focus our attention on the critical behavior of the
black hole with conformal anomaly in AdS space. As pointed out in Ref [42], the solution of the
black hole with conformal anomaly reduces to
f(r) = k +
r2
l2
− 2GM
r
+
Q˜2
r2
, (2)
where Q2 = 8piG(q21 + q
2
2), q1 is interpreted as U(1) charge of some conformal field theory and
q2 is the charge of Maxwell field. Note that this solution (Eq.(2)) is similar with the form of
the Reissner-Nordstro¨m-AdS black hole solution. The integration constant q1 in the solution is
nothing but a “dark radiation” term which cannot be excluded. However, under this condition,
q1 is undistinguished from the electric charge of the electric field. So only the charge (q2) of the
Maxwell field left. Until now, P −V critical behaviors of the RN-AdS black hole has been analyzed
in [5]. What about the role that the conformal anomaly term plays in phase transition ? It is
3interesting to discuss. We will find that no phase transition happens for k = 0 or -1; when the
charge q1 of conformal field and the coefficient α satisfy a certain relation, the Van der Waal like
phase transition for the spherical black hole can occur when the temperature is lower than the
small critical temperature or higher than the large one.
This paper is organized as follows. In Sec. II, we present the phase transition of the conformal
anomaly corrected black holes. The Sec. IV is devoted to the closing remarks.
II. CONFORMAL ANOMALY CORRECTED BLACK HOLE SOLUTION IN ADS
SPACETIMES
The static, spherically symmetric black hole solution in Einstein-Maxwell gravity theory with
conformal anomaly has been presented by [21]
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dΩ22k, (3)
f(r) = k − r
2
4α˜
(
1−
√
1 +
8α˜
l2
− 16α˜GM
r3
+
64piGα˜(q21 + q
2
2)
r4
)
, (4)
where the integration constants M is nothing but the mass of the solution while q1 should be
interpreted as U(1) charge of some conformal field theory and q2 is the charge of Maxwell field.
The parameter α˜ is defined as α˜ = 8piGα1 and α1 is a positive constant related to the content
of the conformal field theory. Moreover, dΩ22k is the line element of a two-dimensional Einstein
constant curvature space with scalar curvature 2k. Here the constant k characterizes the geometric
property of hypersurface and takes values k = 0 (flat), k = −1 (negative curvature) and k = 1
(positive curvature).
In terms of horizon radius r+, the mass M of black hole reads as
M =
Q2
2Gr+
+
kr+
2G
− k
2α˜
Gr+
+
r3+
2Gl2
. (5)
The Hawking temperature T can be derived as
T =
1
4pi
df(r+)
dr+
=
3r4+ + l
2
(
k(r2+ + 2kα˜)−Q2
)
4pil2
(
r3+ − 4kα˜r+
) . (6)
We try to obtain the black hole entropy S by employing the first law of black hole thermodynamics
with
S =
∫
T−1
(
∂M
∂r+
)
dr+ =
pir2+
G
− 4kpiα˜
G
ln(r2+) + S0. (7)
4Here S0 is an integration constant, which unfortunately we cannot fix because of the existence of
the logarithmic term.
Here we discuss the critical behavior of black holes in the extended phase space, where the
cosmological constant Λ is identified with thermodynamic pressure P ,
P = − Λ
8pi
=
3
8pil2
(8)
in the geometric units GN = ~ = c = k = 1. Then we find that those thermodynamic quantities
satisfy the following differential form
dM = TdS + Φ1dq1 + Φ2dq2 + V dP + Ωdα˜, (9)
where V and Φ denote the thermodynamic volume and electric potential (chemical potential) with
V =
(
∂M
∂P
)
S,Φ,α˜
=
4pir3+
3
, Ω =
(
∂M
∂α˜
)
S,Φ,P
= − k
2
Gr+
. (10)
Φ1 =
8pi
r+
q1, Φ2 =
8pi
r+
q2. (11)
By the scaling argument, we can obtain the generalized Smarr relation
M = 2TS − 2PV + 2Ωα˜+ Φ1q1 + Φ2q2. (12)
III. CRITICAL BEHAVIORS OF CONFORMAL ANOMALY CORRECTED BLACK
HOLES IN ADS SPACETIMES
With Eqs. (6)(8), the equation of state P (V, T ) is obtained
P =
T
2r+
(
1− 4kα˜
r2+
)
− k
8pir2+
− k
2α˜
4pir4+
+
Q2
8pir4+
. (13)
To make contact with the Van der Waals fluid equation in 4-dimensions, translating the “geometric”
equation of state to physical one by identifying the specific volume v of the fluid with the horizon
radius of the black hole as v = 2r+.
We know that the critical points are determined as the inflection in the P − r+ diagram, as
∂P
∂r+
∣∣∣
T=Tc,r+=rc
=
∂2P
∂r2+
∣∣∣
T=Tc,r+=rc
= 0. (14)
Then we can obtain the critical temperature
Tc =
4k2α˜+ kr2c − 2Q2
2pirc (r2c − 12kα˜)
(15)
5and the equation for the critical horizon radius rc (specific volume vc = 2rc) is
kr4c + 6
(
4α˜k2 −Q2)r2c − 24α˜k(2α˜k2 −Q2) = 0, (16)
where rc denotes the critical value of r+. Obviously the critical temperature Tc (Eq. (15)) is
negative for k = 0, and then the Van de Waals like SBH/LBH phase transition does not happens.
So, we only explore the cases of k = −1 and k = 1.
1. k = −1
For k = −1, the root of Eq. (16) is given by
r2c = 3
(
4α˜−Q2)±√3(Q2 − 8α˜)(3Q2 − 8α˜) (17)
in case of Q2 ≥ 8α˜ or Q2 ≤ 8α˜3 . Furthermore, the positivity of r2c makes the condition Q2 ≤ 83 α˜ to
be satisfied for the “+” branch and the condition 2α˜ < Q2 ≤ 8α˜3 for the “−” branch. Considering
the different branch of r2c when Q and α˜ are located in corresponding region, however, we find that
the critical temperature Tc (Eq.(15)) always maintains negative, and then the Van der Waals like
SBH/LBH phase transition does not happen for the hyperbolic black hole.
2. k = +1
From Eq. (16), we can obtain
r2c = 3
(
Q2 − 4α˜)±√3(Q2 − 8α˜)(3Q2 − 8α˜) (18)
Here we only take “−” branch when Q2 ≥ 8α˜ and positive one with “+” branch for Q2 ≥ 8α˜ or
Q2 < 2α˜ because of rc > 0. In other words, Eq. (16) could admit two solutions of rc if taking
Q2 ≥ 8α˜, while only admits one positive root when Q2 < 2α˜.
Then, we can also continue to discuss the critical temperature Tc (Eq. (15)) and pressure Pc
(Eq. (13)), and find that the values of Tc and Pc are positive in case of Q
2 ≥ 8α˜, which implies
there exist two critical points. Nevertheless, Tc and Pc always take negative values when Q
2 < 2α˜.
We plot the P − r+ isotherm diagram of the spherical black hole in Fig.1(a) and Fig.2(a), which
depict respectively the critical behavior near the critical point 1 (the “+” branch) and the critical
point 2 (the “−” branch). We can find that these two diagrams are exactly the same as the P −V
diagram of the Van der Waals liquid-gas system. For Q2 > 8α˜, Fig.1a shows that the two upper
dashed lines correspond to the “idea gas” phase behavior when T > Tc1, and the Van de Waals
6like SBH/LBH phase transition appears in the system when T < Tc1. While in Fig. 2a, For a fixed
temperature higher than the critical one Tc2, we have two branches whose pressure decreases as
the increase of horizon radius, one is in the small radius region (corresponding to fluid phase) and
the other is in the large radius region (corresponding to the gas phase). However, the black holes
are always in the gas phase and no phase transition happens behind the critical temperature Tc2.
and the Van de Waals like SBH/LBH phase transition appears in the system when T > Tc2. We
can also verify that the first critical temperature Tc1 is lower that the second critical temperature
Tc2 in the region Q
2 > 8α˜.
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FIG. 1: The P − r+ and F − T of conformal anomaly corrected black holes with Q = 1 and α˜ = 0.1
near the critical point 1.
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FIG. 2: The P − r+ and F − T of conformal anomaly corrected black holes with Q = 1 and α˜ = 0.1
near the critical point 2.
In addition, the behavior of free energy F is important to investigate the thermodynamic phase
transition of conformal anomaly corrected black holes. In fixed a charge Q, the free energy F reads
7as
F = M − TS (19)
Here r+ is understood as the function of pressure and temperature, r+ = r+(P, T ), via equation of
state Eq. (18). As show in Fig. 1b and Fig. 2b, these figures develops a “swallow tail” for P < Pc1
and P > Pc2, which denote a first order transition and this “swallow tail” vanishes at Pc1 ≤ P and
P ≤ Pc2.
IV. CRITICAL EXPONENTS NEAR CRITICAL POINT
Now we turn to compute the critical exponents α, β, γ, δ characterizing the behavior of physical
quantities in the vicinity of the critical point (r+ = rc, v = vc, T = Tc, P = Pc) for the black hole in
the gravity with conformal anomaly in four-dimension. Near the critical point, the critical behavior
of a Van de Waals liquid-gas system can be characterized by the following critical exponents [5].
Cv = T
∂S
∂T
∣∣∣
v
∝
(
−T − Tc
Tc
)−α
,
η =
vs − vl
vc
∝
(
−T − Tc
Tc
)β
,
κT = −1
v
∂v
∂P
∣∣∣
T
∝
(
−T − Tc
Tc
)−γ
,
P − Pc ∝ (v − vc)δ, (20)
where “c” denotes that a quantity is taken values at the critical point of the Van de Waals liquid-gas
system.
In order to compute the critical exponent α, the entropy S of black hole (Eq. (7)) can be
rewritten as
pir2+
G − 4piα˜G ln(r2+)+S0. Obviously this entropy S is independent of T with the constant
values of specific volume v, and then we get the critical exponent α = 0. To obtain other exponents,
defining
p =
P
Pc
, ν =
v
vc
, τ =
T
Tc
, (21)
we introduce the expansion parameters
τ = t+ 1, ν = ω + 1, (22)
then the expansion for this equation of state near the critical point is given by
p = 1 + a10t+ a11tω + a03ω
3 +O(t2, 4). (23)
8We obtain all the expansion coefficients in Eq. (23) through computing its derivatives with respect
to t and ω at the critical point. These coefficients are obtained{
a10 ≈ 2.21, a11 ≈ −1.51, a03 ≈ −1.45. (critical point 1) (24a)
a10 ≈ 0.853, a11 ≈ 1.87, a03 ≈ −1.79. (critical point 2) (24b)
For T < Tc1 or T > Tc2, there exist two different volumes for a same pressure during the phase
transition. Then we have
p = 1 + a10t+ a11tωs + a03ω
3
s = 1 + a10t+ a11tωl + a03ω
3
l ,
⇒ a11t (ωs − ωl) + a03
(
ω3s − ω3l
)
= 0, (25)
where ωs and ωl denote the ‘volume’ of small and large black holes.
In addition, using Maxwell’s area law, we can obtain∫ ωs
ωl
ω
dp
dω
dω = 0⇒ a11t
(
ω2s − ω2l
)
+
3
2
a03
(
ω4s − ω4l
)
= 0. (26)
With Eqs. (25)(26), the nontrivial solutions appear only when a11a03t < 0. Then we can obtain
ωs =
√−a11a03t
3|a03| , ωl = −
√−a11a03t
3|a03| . (27)
Therefore, we have
η = ωs − ωl = 2ωs = 2
√−a11a03
3|a03|
√
t⇒ β = 1/2. (28)
The isothermal compressibility can be computed as
κT = − 1
V
∂V
∂P
∣∣∣
Vc
∝ − 1
∂p
∂ω
∣∣∣
ω=0
=
2
3t
, (29)
which indicates that the critical exponent γ = 1. Moreover, the shape of the critical isotherm t = 0
is given by
p− 1 = −ω3 ⇒ δ = 3. (30)
Evidently we can see that for critical point 1 or critical point 2, these critical exponents of the black
hole in the gravity with conformal anomaly coincide with those of the Van der Waals liquid-gas
system.
9V. CLOSING REMARKS
In this paper we have studied the phase transition and critical behavior of 4-dimensional black
hole in the gravity with conformal anomaly, where the cosmological constant is treated as a variable
related to the thermodynamic pressure. For k = 0,−1, there is no critical behavior in the system.
It is interesting that for k = +1 we find under the constraint condition Q2 > 8α˜, there exist two
critical point in the system and two phase transitions when the temperature of the black hole
monotonically varied. The crucial feature in our case is that the two phase transitions occur when
the temperature is lower that the small critical temperature (T < Tc1) and higher that the large one
(T > Tc2). Furthermore, We calculate the corresponding critical exponents of the two SBH/LBH
phase transitions, and the results are in accordance with Van der Waals fluid system.
In Ref.[5], the author found that there exists only one critical point, for 4-dimensional RN-AdS
black hole with k = +1, and then the system demonstrates the Van der Waals like small/large
black hole phase transition occur when the temperature is lower that the critical temperature.
Obviously, the conformal anomaly term brings richer phase structures and critical behaviors than
that of RN-AdS black hole.
Acknowledgements
We would like to thank Dr. Zou De-Cheng and Dr. Xu Wei for many discussions and a careful
reading of this paper. This work was supported by the National Natural Science Foundation of
China under Grant Nos.11275099 and 11475135.
[1] J. M. Maldacena, Int. J. Theor. Phys. 38, 1113 (1999) [Adv. Theor. Math. Phys. 2, 231 (1998)] [hep-
th/9711200].
[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 428, 105 (1998) [hep-th/9802109].
[3] E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998) [hep-th/9802150].
[4] S. W. Hawking and D. N. Page, Commun. Math. Phys. 87, 577 (1983).
[5] D. Kubiznak and R. B. Mann, JHEP 1207, 033 (2012) [arXiv:1205.0559 [hep-th]].
[6] G. W. Gibbons, R. Kallosh and B. Kol, Phys. Rev. Lett. 77, 4992 (1996) [hep-th/9607108].
[7] J. D. E. Creighton and R. B. Mann, Phys. Rev. D 52, 4569 (1995) [gr-qc/9505007].
[8] D. Kastor, S. Ray and J. Traschen, Class. Quant. Grav. 26, 195011 (2009) [arXiv:0904.2765 [hep-th]].
[9] D. A. Rasheed, hep-th/9702087.
[10] N. Breton, Gen. Rel. Grav. 37, 643 (2005) [gr-qc/0405116].
[11] W. Yi-Huan, Chin. Phys. B 19, 090404 (2010).
10
[12] A. Belhaj, M. Chabab, H. El Moumni and M. B. Sedra, Chin. Phys. Lett. 29, 100401 (2012)
[arXiv:1210.4617 [hep-th]].
[13] E. Spallucci and A. Smailagic, Phys. Lett. B 723, 436 (2013) [arXiv:1305.3379 [hep-th]].
[14] M. B. J. Poshteh, B. Mirza and Z. Sherkatghanad, Phys. Rev. D 88, no. 2, 024005 (2013)
[arXiv:1306.4516 [gr-qc]].
[15] N. Altamirano, D. Kubiznak and R. B. Mann, Phys. Rev. D 88, 101502 (2013) [arXiv:1306.5756 [hep-
th]].
[16] A. Belhaj, M. Chabab, H. E. Moumni, L. Medari and M. B. Sedra, Chin. Phys. Lett. 30, 090402 (2013)
[arXiv:1307.7421].
[17] N. Altamirano, D. Kubizk, R. B. Mann and Z. Sherkatghanad, Class. Quant. Grav. 31, 042001 (2014)
[arXiv:1308.2672 [hep-th]].
[18] S. W. Wei and Y. X. Liu, Phys. Rev. D 87, no. 4, 044014 (2013) [arXiv:1209.1707 [gr-qc]].
[19] D. C. Zou, Y. Liu and B. Wang, Phys. Rev. D 90, 044063 (2014) [arXiv:1404.5194 [hep-th]].
[20] S. -W. Wei and Y. -X. Liu, arXiv:1402.2837 [hep-th].
[21] R. G. Cai, L. M. Cao, L. Li and R. Q. Yang, JHEP 1309, 005 (2013) [arXiv:1306.6233 [gr-qc]].
[22] S. Chen, X. Liu, C. Liu and J. Jing, Chin. Phys. Lett. 30, 060401 (2013) [arXiv:1301.3234 [gr-qc]].
[23] A. M. Frassino, D. Kubiznak, R. B. Mann and F. Simovic, JHEP 1409, 080 (2014) [arXiv:1406.7015
[hep-th]].
[24] H. Xu, W. Xu and L. Zhao, arXiv:1405.4143 [gr-qc].
[25] J. -X. Mo and W. -B. Liu, arXiv:1401.0785 [gr-qc].
[26] N. Altamirano, D. Kubiznak, R. B. Mann and Z. Sherkatghanad, Galaxies 2, 89 (2014) [arXiv:1401.2586
[hep-th]].
[27] S. Gunasekaran, R. B. Mann and D. Kubiznak, JHEP 1211, 110 (2012) [arXiv:1208.6251 [hep-th]].
[28] D. -C. Zou, S. -J. Zhang and B. Wang, Phys. Rev. D 89, 044002 (2014) [arXiv:1311.7299 [hep-th]].
[29] J. -X. Mo, X. -X. Zeng, G. -Q. Li, X. Jiang and W. -B. Liu, JHEP 1310, 056 (2013).
[30] G. Q. Li, Physics Letters B (2014), pp.256-260 [arXiv:1407.0011 [gr-qc]].
[31] W. Xu, H. Xu and L. Zhao, arXiv:1311.3053 [gr-qc].
[32] S. H. Hendi and M. H. Vahidinia, Phys. Rev. D 88, 084045 (2013) [arXiv:1212.6128 [hep-th]].
[33] R. Zhao, H. -H. Zhao, M. -S. Ma and L. -C. Zhang, Eur. Phys. J. C 73, 2645 (2013) [arXiv:1305.3725
[gr-qc]].
[34] Y. Liu, D. C. Zou and B. Wang, arXiv:1405.2644 [hep-th].
[35] W. Xu and L. Zhao, Phys. Lett. B 736, 214 (2014) [arXiv:1405.7665 [gr-qc]].
[36] J. X. Mo and W. B. Liu, Adv. High Energy Phys. 2014, 739454 (2014) [arXiv:1312.0679 [hep-th]].
[37] M. J. Duff, Nucl. Phys. B 125, 334 (1977).
[38] M. J. Duff, Class. Quant. Grav. 11, 1387 (1994) [hep-th/9308075].
[39] S. M. Christensen and S. A. Fulling, Phys. Rev. D 15, 2088 (1977).
[40] S. P. Robinson and F. Wilczek, Phys. Rev. Lett. 95, 011303 (2005) [gr-qc/0502074].
11
[41] S. Iso, H. Umetsu and F. Wilczek, Phys. Rev. Lett. 96, 151302 (2006) [hep-th/0602146].
[42] R. G. Cai, L. M. Cao and N. Ohta, JHEP 1004, 082 (2010) [arXiv:0911.4379 [hep-th]].
[43] R. G. Cai, Phys. Lett. B 733, 183 (2014) [arXiv:1405.1246 [hep-th]].
